The Ffowcs-Williams and Hawkings (FW-H) equation is widely used to predict sound generated from flow and its interaction with impermeable or permeable surfaces. Owing to the Heaviside function used, this equation assumes that sound only propagates outside the surface. In this paper, we develop a generalized acoustic analogy to account for sound generation and propagation both inside and outside the surface. The developed wave equation provides an efficient mathematical approach to predict sound generated from multiphase or multicomponent flow and its interaction with solid boundaries. The developed wave equation also clearly interprets the physical mechanisms of sound generation, emphasizing that the monopole and dipole sources are dependent on the jump of physical quantities across the interface of multiphase or multicomponent flow rather than the physical quantities on one-side surface expressed in the FW-H equation. Sound generated from gas bubbles in water is analyzed by the newly developed wave equation to investigate parameters affecting the acoustic power output, showing that the acoustic power feature concluded from the Crighton and Ffowcs-Williams equation is only valid in a specific case of all bubbles oscillating in phase.
Introduction
The acoustic analogy proposed by Lighthill [1] is widely used to analyze sound generated from unbounded turbulence. Further developments have extended its applications in various engineering problems. An extension of the Lighthill's acoustic analogy is to predict sound generated from turbulence and its interaction with solid surfaces or other mediums. Curle [2] and Ffowcs Williams and Hawkings (FW-H) [3] developed the Lighthill's acoustic analogy to consider the effect of solid bodies immersed in turbulent flow on sound generation and propagation. An impermeable data surface was used to describe the fluid-solid interface in the equations, and the effect of the solid body on sound radiation was equivalently expressed by the monopole and dipole sources on the solid surface. After that, the FW-H equation was extended to a more comprehensive version with a permeable data surface [4, 5] . In most cases, the permeable FW-H equation is computationally more efficient than the impermeable FW-H equation to predict the flow induced noise because the sound generated by all the sources inside the permeable data surface, including the volume quadrupole source, can be equivalently represented by the monopole and dipole sources on the permeable data surface. Therefore, sound radiated to the farfield can be calculated without performing any volume integration if the quadrupole sources outside the permeable date surface can be ignored.
Multiphase and multicomponent flows occur in various engineering fields. Crighton and Ffowcs Williams (C-FW) [6] developed the Lighthill's acoustic analogy to analyze the sound generated from multiphase/multicomponent flow (MMF) by using a volumeaveraged method to describe the macroscopic properties of the MMF. In the C-FW equation, the effect of the dispersed phase (e.g. gas bubble) on the sound generated from Journal of Vibration and Acoustics VIB-17-1176, Mao, 3 the continuous phase (e.g. water) is also represented by monopole and dipole sources.
However, it should be emphasized that the monopole and dipole sources in the C-FW equation are volume sources rather than surface sources as in the FW-H equation. Howe [7] developed an alternative formulation of the Lighthill's acoustic analogy, in which the specific stagnation enthalpy was used as the acoustic variable and acoustic sources were related to the vorticity and entropy gradient. He used this formulation to analyze sound generated from a specific multicomponent flow, i.e., entropy spots in ambient flow, where the density was discontinuous but the pressure was continuous across the surface enclosing the entropy spot. The result showed that the entropy spot was equivalent to a dipole surface source whose strength was related to the density difference across the surface. Note that, in the Howe's equation, the fluid in both the continuous and dispersed phases is restricted to ideal gas because the perfect gas state equation was used to describe the thermodynamic relationship among the enthalpy, pressure and density. Furthermore, Campos [8] extended the Howe's formulation to study sound generated by an ionized inhomogeneity.
The FW-H equation is also applicable for predicting sound generated from MMF, where the monopole and dipole sources in the impermeable FW-H equation are related to mass flow rate and the force on the phase/component interface (PCI), respectively. However, the impermeable FW-H equation is only applicable to analyze sound generated from flow and its interaction with solid surfaces, which implies that the dispersed phase immersed in fluid must be in a solid object. On the other hand, if all the dispersed phase is enclosed by a permeable data surface, the permeable FW-H equation can also be used to predict sound generated from MMF, regardless of the dispersed phase being solid or fluid.
Compared with the impermeable FW-H equation, the C-FW and the permeable FW-H equations have no restriction on the state of the dispersed phase, thus they can be used to predict sound generated from fluid-solid two-phase flow, and also from gas-liquid twophase flow. However, the volume-averaging method used in the C-FW equation only provides information of the macroscopic flow quantities, therefore cannot describe the detailed flow around the PCI. The permeable FW-H equation does not explicitly account for the dispersed phase in source terms. Therefore, these two equations are not best placed in analyzing the effect of the parameters related to the PCI, such as its shape and velocity, on the sound radiation.
Since some physical parameters, such as density, are discontinuous across the PCI, the PCI is usually modeled via a boundary condition in fluid mechanics. In the FW-H equation, a generalized function, i.e. the Heaviside function () Hf , is used to describe the discontinuity across the PCI, where 0 f  defines the data surface [5, 9] . With the help of the Heaviside function, the generalized continuity and momentum equations, which are valid throughout the entire fluid and solid regions, can be derived. However, the FW-H equation, with either an impermeable or a permeable data surface, only deals with the sound generated from an elastic medium and its interaction with a rigid medium because the Heaviside function forces all parameters inside the data surface to constants.
Therefore, the FW-H equation implies that no sound propagates inside the date surface.
For a gas-liquid two-phase flow, the mediums on both sides of the PCI are elastic, and sound synchronously generates and propagates in both mediums. These acoustic The continuity and momentum equations describing the motion of viscous compressible fluid are as follows:
where  is the density of the fluid; Starting from Eqs. (1) and (2) and assuming that the acoustic medium is at rest, Lighthill [1] derived the following wave equation by performing the temporal derivative over Eq. (1) and the spatial derivative over Eq.
(2) and then eliminating terms related to
where 0 c is the speed of sound in the quiescent medium. Eq. 
C-FW equation
A volume-averaging method was employed by Crighton and Ffowcs Williams [3] to describe a two-phase flow and this method is still widely used for MMF. Assuming that  and  are the densities of the continuous phase and dispersed phase, respectively, the macroscopic density of the two-phase fluid is represented by
where  and 1   are the bulk concentrations of the dispersed phase and the continuous phase, respectively. With this definition, the continuity and momentum equations of the continuous phase can be expressed as
where i F denotes the component of the interphase force in the i th direction. By starting from Eqs. (6) and (7) and following the derivation of the Lighthill's equation, the following C-FW equation can be obtained: 
In Eq. (10), the quadrupole source ij T given in Eq. (11) , which has a subtle difference from the Lighthill's quadrupole source given in Eq. thus could not account for the effects of variations in the PCI on sound radiation.
FW-H equation
It is assumed that derivatives will cancel exactly in the final result [9] . Under this assumption, we can obtain the following identities:
ii f x n    The discontinuity on the data surface can be represented by a Heaviside function defined as 10 () 00
With this definition, generalized continuity and momentum equations can be derived as follows: 
is the density perturbation. Although the quadrupole source expression
given in Eq. (20) is slightly different from that in Eq. (4), but they are actually equivalent as the density 0  and the sound speed 0 c for the undisturbed homogeneous fluid are constants. The monopole source Q and the dipole source i L in the FW-H equation (19) are given in Eqs. (17) and (18) 
Howe's equation
Starting from the continuity and Crocco's equations, Howe [7] deduced the following wave equation to describe sound generated from flow in which vorticity and entropygradient vectors are non-vanishing: We consider sound radiated from an entropy spot in ambient fluid, where the density is discontinuous but the pressure is continuous across the PCI. By assuming that the fluid on both sides of the PCI is deal gas, one can deduce the following wave equation to describe sound generated from an entropy spot bounded by a closed surface ( , ) 0 3 Generalized acoustic analogy for MMF
Definition and notation
The Heaviside function is used in the FW-H equation to describe the discontinuity on the data surface. Therefore, no sound sources are located and sound does not propagate inside the data surface, which implies that the medium in the region of region, a new generalized/window function () M  is employed to describe the parameters in the entire space:
where  is a generic flow parameter. Hats  and  denote quantities inside and outside the data surface, respectively. An equivalent expression of Eq. (24) is as follows
Especially, if the medium in the region of 0 f  is rigid, i.e. 0   , the generalized function () M  reduces to the Heaviside function. Actually, similar mathematic treatments have been employed in previous studies related to jet noise [10, 11] where parameters on the interface of the high-speed jet and ambient fluid are discontinuous.
With the above definition, the spatial and temporal derivatives of a generalized parameter are given by
where       is the difference of the parameter  for the two mediums.
Generalized governing equations
The following two identities can be derived with the newly-defined generalized function () Mf by employing Eqs. (26) and (27): (29) gives the following generalized continuity equation:
Similarly, by employing the following two identities
the following generalized momentum equation can be deduced
By following same steps in deriving the FW-H equation [3] , we perform the temporal derivative of Eq. (30) and the spatial derivative of Eq. (34) to obtain the following two equations:
Subtracting Eq. (37) from Eq. (36) yields
As the speed of sound 0 c usually varies with properties of the medium, the following identity is used for the Laplace operator:
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Subtracting Eq. (39) from Eq. (38) gives the following generalized wave equation of aeroacoustics:
where source terms 
Green's function and integral solution
Eq. (41) can also be expressed as the following equivalent equations: 
For observers located either in the region of 0 f  or 0 f  , the monopole and dipole sources on the data surface contribute to the sound. However, only the quadrupole source in the same region contributes directly to the sound generated in that region. This feature is similar to the FW-H equation, thus Eq. (42) can also be solved by existing methods, such as time-domain numerical methods [5, 9] , frequency-domain numerical methods [12] and spherical harmonic series expansion methods [13, 14] . These methods actually describe the sound propagation once sources are known. analytically, which are similar to those obtained by Farassat [9] and Tang [12] .
Discussion
The wave equation (41) is compared with the wave equations reviewed in Section 2.
Firstly, we discuss the relationship between existing acoustic analogies and Eq. (41). In the case of a rigid medium in the region of Table 1 .
Thirdly, we analyze sound propagation inside and outside the data surface. All the wave equations can be used to analyze sound outside the data surface. Therefore, we only These features are summarized in Table 2 .
Further extensions to consider the effects of solid surfaces and uniform mean flow
The wave equation developed in Section 3 enables us to analyze sound generation and propagation in MMF, but it does not consider sound scattered by solid surfaces and assumes that the acoustic medium is at rest. In this section, we carry out further extensions to analyze sound generated from MMF and its interaction with solid surfaces.
The effect of a uniform mean flow on sound generation and propagation is also considered to develop a convective wave equation. The extended equation can be applied to analyze, e.g. cavitation noise of marine propellers.
Effect of solid surfaces
We define another data surface With the preceding definition, we can deduce the following two equations:
The sum of Eq. (50) and Eq. (51) gives the following generalized continuity equation: 
where the quadrupole source 
However, if the position relationship of these two data surfaces is shown in Fig.1(d) , the source terms in Eq. (58) cannot be simplified.
Effect of uniform mean flow
In all the wave equations given in the previous sections, it is assumed that the acoustic medium is at rest. In previous investigations, a convective FW-H equation has been deduced to consider the effect of a uniform mean flow on sound generation and propagation, see for examples [15] [16] [17] . Howe [7, 18] where u is the fluctuation of the local flow velocity. By using this definition and following the derivation of the convective FW-H equation, we can deduce the following convective wave equation: 
Eq. (61) is the third main result of this paper. The convective wave operator represents the effect of a uniform mean flow on sound propagation. Note that the source terms in Eq. 
Sound generated from gas bubbles in water 5.1 Definitions and assumptions
Sound generated from gas bubbles immersed in water has been analyzed by Crighton and Ffowcs Williams [6] . This problem is revisited with the developed wave equation (41). We consider gas bubbles in a finite turbulence region. The following four parameters are used to characterize the turbulence: characteristic length of the finite region L , mean flow velocity U , characteristic length of the turbulence eddy 0 l and rootmean-square turbulence velocity 0 u . Therefore, 0 uU   is the turbulence intensity or the relative turbulence level as defined by Crighton and Ffowcs Williams [6] , and the angular frequency of turbulent fluctuation  is in the order of 00 ul.
Moreover, we assume this finite turbulence region is acoustically compact, i.e., 0 0 0 L c l u  , and there are N air bubbles in this region and each bubble has a mean radius a in the undisturbed state. Therefore, the bulk concentration of the gas bubbles is , where 0 V is the amplitude of the bubble pulsation, which is in the order of 0 u .
Sound generated from a single gas bubble
Based on the above definitions and assumptions and ignoring sound generated from turbulence, the frequency-domain acoustic pressure radiated from a single bubble into water is 00 ( , We assume that there are N bubbles with the radius of a in a finite turbulence region with the characteristic length of L. By starting from Eqs. (65) and (67) and employing the assumption of an acoustically compact region, we can calculate the total acoustic pressure radiated from bubbles via a simple summation when the bubbles are oscillating in phase
where subscript C represents the bubble cloud. Furthermore, we can deduce that the total acoustic power output is Eq. (70) indicates that the acoustic power is proportional to the square of the bull concentration  , and this conclusion is the same as that obtained by Crighton and Ffowcs Williams [6] . However, we emphasize that Eqs. (69) and (70) are only valid for all bubbles oscillating in phase, otherwise the total acoustic pressure cannot be calculated via a simple summation owing to the phase difference of source pulsation.
For a bubble cloud with many gas bubbles oscillating with a random phase correlation, a more reasonable method for calculating the total acoustic power is the superposition method of energy. Therefore, the acoustic power calculated from Eq. (68) is as follows 
Conclusion
The FW-H equation deals with sound generated from flow and its interaction with a data surface with an assumption of no sound propagation inside the surface due to the Heaviside function used to describe the discontinuity on the data surface. In this paper, Sound generated from gas bubbles in water is analyzed with the developed wave equation. The acoustic power output is proportional to the fourth power of the Mach number, which is consistent with the conclusion drawn from the C-FW equation.
Compared with the C-FW equation, the result obtained from the developed equation further shows that decreasing the density jump across the PCI is beneficial for reducing the acoustic power level. Moreover, the oscillation phases of the bubbles have a significant effect on the acoustic power output. If all gas bubbles oscillate in phase, the acoustic power output is proportional to the square of the bulk concentration, which is consistent with the conclusion obtained from the C-FW equation. However, for bubbles oscillating with random phases, the result obtained from a superposition method of energy shows that the total acoustic power output is only proportional to the bulk concentration. This paper focuses on a theoretical analysis of sound generated from gasliquid two phase flow. It is planned to perform experimental and numerical studies of underwater jet noise to validate the conclusion presented in this paper. 
